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V. A second-Appendix to the improved Solution of a Problem in
physical Astronomy, inserted in the Philosophical Transactions
for the Year 1798, containing some further Remarks, and

improved Formulee for computing the Coefficients A and B

by which the arithmetical Work is considerably shortened and
facilitated. By the Rev. John Hellins, B. D. F.R. S. and
Vicar of Potter’s Pury, in Northamptonshire.

Read December 12, 1799.

1. It was shewn, in Art. g. of the first Appendix, that the

144/ (1=cy)
c

common logarithm of the fraction , When ¢ is ex-

pressed in numbers, might be taken out from TavLoR's excel-
lent tables, and converted into an hyperbolic logarithm by
means of table XXXVII. of Dobson’s Calculator; which

method of obtaining the H. L. -’—ﬁf—if:—ﬁﬂ- is undoubtedly easier

-and shorter than the more obvious one of first computing the
numerical value of that fraction, and then taking out the hyper-
bolic logarithm corresponding to it from a table. But yet, that
method of obtaining the value of «, easy as it is, requires, first,
a search in the table for the angle of which ¢ is the sine, and
generally a proportion for the fractional parts of a second;
then, a division of the degrees, minutes, and seconds contained
‘in that angle, by 2 and, thirdly, another search for the loga-
rithmic tangent of half the angle, and another proportion to
find the fractional parts of a second. I was therefore desirous
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of finding some easier and shorter method of performing the
whole business, without the use of any trigonometrical tables,
in which time is required, not only in searching- for logarithms,
but also in making proportions for the fractional parts of a
second ; and, after some’ consideration, I discovered that which
I am now to explain.

This method, then, together with some further observations
which I have made for facilitating and abridging the work of
computing the values of A.and B, will make up the-contents
of this Paper.

2. The H.L. I—"E—‘—/—(Cl:ﬁ”-)-, which was denoted by «, both. in
the solution of the problem and in the Appendix, is == H. L.

2 3¢ 35¢ % &ge andif, for the sake of distine-
c 2.2 2.4 4 2 4.6.6
tion, the-Roman letter a be put for H. L. = —, we shall have ¢ ==a

cc
4 32 ’
cient for our present purpose); and this value of « being written

. (of which series, the first three terms are suffi-

for it in the expression « (1 + ce -[- -“), which occurs in
the first theorem in Art. 12. of the ﬁrst Appendix, we shall

3 35 ce 3 . . ‘
have (1 + e+ 53 c‘) x(a — 5 =% ) ; that is, by ac-
tual multiplication,

2 . cc 3c* 3:5¢

# Since H., L. Y] ) I8 = —~ -+ a7 + 2466’ &c. (See Art. 2. of
, . 1+¢(1 cc) R cc 3¢t 35¢5
the first Appendix.) the H. L. will be == — e W) — 2465
e and consequently H. L. 1+v(x—cc) :—:7- X I+vilmw) will be = H. L,

2 cc

3

¢’ 4 4.8~
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Now the terms — ¥ cc and — % ¢* may very easily be added
to the terms fcc and gc*, z.e. to 0'103680¢2 cc and 0:068706 4.,
which will then become — 0-1463198 ¢, and — 0'1187936 ¢*;
and, by denoting the coefficients of these new terms by the
Roman letters — f and — g respectively, the first theorem in
the Art. before mentioned, or the value of A, is

2
1 cc

—— X
w‘(a-[—b)—,_;; +a+ aCC+

+e--—fcc-—gc‘

g. The expression « ( + -2 4 e+ 43.'152'.2;2 c‘), which occurs

in the value of A’, in Art. 12. of the first Appendix, is =

3 3.5.21 4
+4!z ¢+ 4.12.32 ¢

I 3 4
a— — (¢ — —x ¢
4 4.8
_3.5-21
Zatfhaco+
4.12 4.12.32 3 3.5 3.5 21 "
- a acce e A€
3 85 o\ 4 + 4.12 +4.xz.3z
~— 16 ‘¢ — Tz16 - 3 e 19 o
1 816 ©-
—_—— ct
8.16

3 .‘ ;
Here again the terms — -z cc¢ and — 'é':'? ¢* may very easily

be added to the terms icc and kc*, i.e. to oo551502¢¢ and
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00408309 ¢, and we shall have the two new terms —
0'1823498 ¢c¢c and — 0°10%6091 ¢*. Let the coefficients of these
two new terms be denoted by the Roman letters — i and — k
respectively, and the second theorem in Art. 12 of the first
Appendix becomes '

. (;‘.{.—é—-{—b—-ic‘c—ekc*

w@+rb) s < 3.5
+ +4x2 +41232

4. The product of & (2 4+Lcc 4 %), which is found in
the third theorem of the Art. before referred to, is =

ot —cctZc

a-— —CC-—'-:;-—C

4 48

ea+ Lacc 4 % ac*)
— 3 CC — ; ¢t >"‘
— _3_. c* J
Here hkewme the terms — L¢c and — % ¢* may be added
to 0°8465736 cc and o1%9g226¢*, which are = lcc and mc*
respectively; the coefficients of which being denoted by the

Roman letters 1 and m, the third theorem in the Art. before
referred to becomes '

A=

{za-{- racc+ yxac

—Lec —fch

B 24 A : p—lcc—mc*
b wblatd) 27 | 4 2a+4 Lace + 2-ac.

5. These new forms to which the theorems are now brought,
it is evident, are no less convenient, and on examination they
will be found no less accurate, than the original ones ; and, that
the common logarithm of —, (and consequently the hyperbolic

logarithm of it,) is much more easily and expeditiously obtained
MDCCC. N
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than the common logarithm of lii‘ff:—fi)-, even with the use of

TavLor’s excellent tables, is too obvious to need a description ;
and therefore it follows, that a computation by these new for-
mule will be easier and shorter than by those in the first
Appendix. ,

6. But there are still some expedients by which the compu-
tations of A, B, &c. may be further facilitated and abridged.

It is pretty evident, to any one who contemplates the coeffi-
cients of the logarithmic terms in the first three theorems, that

the terms a 4 $acc 4+ —g——g- ac*, in the first theorem, being once

found, the logarithmic terms of the second and third theorems
may most easily be derived from them; in consequence of
which, the greater part of the time of writing down the loga-
rithms of 5, 35, &, and %, Qf twice writing down the
logarithms of acc and ac?, and of searching in the tables for

} . . §.21 .
the numbers corresponding to %acc, and f.‘;iz'.%;ac" in the

second theorem, and for those which correspond to Lacc, and

;—91-3 ac*, in the third theorem, is saved. These are the expedients

which I am next to explain.
7. The three terms a, $acc, and —-g-'—f;-ac", which are found in

the first theorem, are evidently to the three terms $a, Z%a“’

and f—'l-sj% ac*, which are found in the second theorem, in the

ratioof 1 to 2, 1 to £, and 1to Z respectively ; or as 1t0 1 —,
1to 1—%, and 1 to 1 —Z; by which mixed numbei‘s, the
logarithmic terms in the second theorem may more easily be
derived from those in the first theorem, than by the fractions,
as will appear further on.
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8. It is no less evident, that the three logarithmic terms a,
2acq, and—g'—g— ac*, mentioned in the preceding Art. are to the
three logarithmic terms 2a, Lacc, and-z—%—6 ac*, which occur in

the third theorem, in the ratio of 1 to ¢, 1 to %, and 1 to £
respectively; oras 1to 141, 1to1 4 %,and 1 to 1 4 L; by
which mixed numbers, as was observed in the preceding Art.
the logarithmic terms in the third theorem may be more easily
derived from those in the first theorem, than by the fractions.

~g. The first of the logarithmic terms in the first theorem has
already been denoted by the Roman letter a; now let the

second and third, viz. $acc, and %f;— ac*, be denoted by the
Roman letters b and c respectively; and let the sum of these
three terms, viz. a +3acc -+ -%—;— ac*, now denoted by a4 b--c,

be put=S; then, by Art.%. the logarithmic tefms in the
second theorem will be (1 — £)a, (1— )b, and (1 — %) c;
C

and the sum of these terms will be a 4 b 4 C—e—% —7F
a b c . . . . ’
=S — T where S is given, it being = the three

logarithmic terms in the first theorem, with which the compu-
tation ought to begin; and the £, £, and § of these terms respec-
tively, are very easily computed without the use of logarithms,
as will hereafter appear by an example.

And the logarithmic terms in the third theorem will likewise
be denoted by 2a, (14-1)b, and (1 4 £)c respectively; the
sum of whichis = a +b+c—[—a+—§~b'+§c'=s+a —}--}3—’"{—-—:-,
where S, as well as a, b, and c, being given, the fractional parts
are very easily computed without the use of logarithms.

10. Having now described these short and easy methods of
N2
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computing the values of a, b, and c, and of deriving the other
logarithmic terms from them, and having introduced a new
and more compendious notation of several of the terms in each
of the first three theorems, it will be proper next to exhibit those
theorems in this improved state, and, after that, to give an
example or two of computing by them.

{-2-+e——fcc-—gc‘

+a+3acc(-—-b)+ ac (=c).
, 1 - b——-lCc—-——kc

Q.Azmm-x{?’c + +

1
N X

LA =T

a b c

+8—T—F—7%
) ) p—1lcc—mc
3'B=-_b—A——9rb(a+b)%x +S+a+_§_+_§_.
[ p—lcc—mc
Or, putting A to denote the product of —— e +b)1 xi +Stat _}3,_ n E»

this theorem will be more concisely and commodiously ex-
pressed thus; B == (Aa— A).
4 B = -%-(A' —A). N.B.S=a-b+tec

11. We might now proceed to an example of computing by
these theorems; but it will be very convenient first to set down
the constant numbers and constant logarithms which are to be
used in these computations.

The constant numbers, taken from Art. 12 of the first
Appendix, and Art. 2, g, and 4 of this Appendix, are the fol-
lowing : .

e = 0'1931,472, h = 00823,604, p = 1'3862,944,

f = 0'1463,198, i==01323,498, 1= 0"1534,264,

g = 0'1187,036, k= 0'1076,091, m == 0'1331,774.
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And the constant logarithms to be used in these calculations
are the following, which are respectively set down to as many
places of figures as are requisite.

L. 2 = 0'go10,300, L.3=715740,9, L. &==1796,

L. 5 =18239,087, L.%=0'1249,4, L.7=04971,499;
L.f =_1-°16'53,o, L.i =_1—'1217,2, L. 1= 1"1859,1,
L%

= 1910, L. —k; =1'910, L. T ="1930.

By comparing this Art. with Art. 14 of the first Appendix,
it will appear, that the number of logarithms used in the new
Jormule is very considerably less than the number used in those
from which they were derived ; and still fewer will suffice, since
the term T‘z;-, which occurs in the second theorem, is most easily
derived from —-0—2;-,* the first term in the first theorem, the loga-
rithms of ;30-, %, and cc, being there ready calculated; so that

L. % needs not be used in the computation,

12. Let us now compute A and B by the first and third of

these new formule, when Venus and the earth are the two
planets,

* See Art. 11 of the first Appendix.
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First, for the value of A.
Numbers. Logarithms.
Here a = 1'5236,71 0'1828,913

)

and b = 1'4451,60 J Ar.co. 7'8400,841

a— b = 0078511 2-8949,305
a4 b=29688,31 0°4725,855
-j’;{—ﬁj— =cc - - - 24228450
;,32 - 1-8786,8 50
fce - 358765
—§- cc - 2'g32

Sum of these two logarithms 5-g20 -

The sum of these four terms is

Mr. HELLINS's Second Appendix to the improved

Numbers.*

7562841 -—--—-

o 19315._.e
7582156 =E£E +e
— 000887 = — fcc.

— 0'00008 == —gc*

— 000395 = — fcc - gc*

75:81761.

Having now found the value of the four terms = + ¢ — fcc
—gc¢*, we must next ﬁnd the value of the three logarithmic

terms a 4 3 acc +

quickly and easily be done as follows.
The common logarithm of ¢ is

Half the common logarithm of c¢ is

The common logarithm of -;- is

-ac*, or a4+ b 4 c=3S, which may

0'8010,300
12111,725

1'0898,575; and thislo

garithm, reduced to an hyperbolic logarithm, by Table XXX VII.

* See Art, 14 of the first Appendix, paragraph the third.
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of Dopson’s Calculator, gives - -  a'50949 =a.
a 039959
gec 8399638 |
Sum of these two logarithms 239597 002489 = $acc=b
Scc 2-218
: —61. 35 0 b
Sum of these two logarithms 4614, 000041 == Fzac‘=C
The sum of these three termsis - 2584779 = S; to which
add the sum of the four terms above found %5'81%61, and we have
78-35240 = all the terms.
1-8940,523
7 (a+b)} 1:2060,282

The diff. of these two 10ga’}o~6880,241 487555 = A.

rithms is -

13. We are next to compute the value of B; which compu-
tation will be much facilitated by the use of numbers already
found in the computation of the value of A. The arithmetical
work may stand as follows.
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1'g86g0 =p
lec 960826 — 000406 =—1cc
Tec  2gbr
F969  — 000009 = —mc'

1 382 15 == the sum of these three terms.
2'58479 =S
2'50049 == a
b
0'00880 == n

C
000008 = <

\ 0'8085,357 6'434581 == the sum of all the terms.
7 (a+0b)F 07334427

Diff. of these two log®. 0'0750,930 118874 = A

A 0'6880,241
a 0'1828,913

pt—

Sum of these twolog®. 0'8709,154  7.42874 == Aa

0'7951,846  6240c0 =Aa— A
= O 1411,141

= (Aa—A) 09g62,987 863572 =B.
14. We have now the values sought, viz. A = 4°8%56, and
B =28.6357; which values, computed by the new formule,
agree with those which were given in the first Appendix,
‘which is one proof of the accuracy of the new forms to which
the theorems are brought. *And, that the calculations of these
numbers are considerably facilitated and abridged by the use of

HLZ_- 5;- -—% instead of H. L. -I-i‘f—gﬂl—'—'ic—)—, and by the
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easy method of deriving the logarithmic terms in the second
and third theorems from those in the first, will quickly appear
to any one who shall make trial, by a calculation both by the
original formule and by those which are given in this paper;
or who shall compare the computations of A and B in the first
Appendix, with the computations here exhibited.
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